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CHERN-SCHWARTZ-MACPHERSON CLASSES FOR SCHUBERT CELLS 

IN FLAG MANIFOLDS 

PAOLO ALUFFI AND LEONARDO C. MIHALCEA 


Abstract. We obtain an algorithm computing the Chern-Schwartz-MacPherson (GSM) 
classes of Schubert cells in a generalized flag manifold GjB. In analogy to how the ordinary 
divided difference operators act on Schubert classes, each CSM class of a Schubert class is 
obtained by applying certain Demazure-Lusztig type operators to the CSM class of a cell 
of dimension one less. These operators define a representation of the Weyl group on the 
homology of GjB. By functoriality, we deduce algorithmic expressions for CSM classes of 
Schubert cells in any flag manifold GjP. We conjecture that the CSM classes of Schubert 
cells are an effective combination of (homology) Schubert classes, and prove that this is 
the case in several classes of examples. We also extend our results and conjectures to the 
torus equivariant setting. 


1. Introduction 

A classical problem in Algebraic Geometry is to define characteristic classes of singular 
algebraic varieties generalizing the notion of the total Chern class of the tangent bundle 
of a non-singular variety. The existence of a functorial theory of Chern classes for pos¬ 
sibly singular varieties was conjectured by Grothendieck and Deligne, and established by 
R. MacPherson |Mac74| . This theory associates a class Ch=((/ 7) e H^{X) with every con- 
structible function (p on X, such that c*(Ilx) = c{TX) n [A] if A is a smooth compact 
complex variety. (The theory was later extended to arbitrary algebraically closed fields of 
characteristic 0, with values in the Chow group |Ken9nj . |Alun6b| .) The strong functorial¬ 
ity properties satisfied by these classes determine them uniquely; we refer to ^ below for 
details. If A is a compact complex variety, then the class c*(llx) coincides with a class 
defined earlier by M. H. Schwartz [Sch65a( ISch65b] independently of the work mentioned 
above. This class is commonly known as the Chern-Schwartz-MacPherson (CSM) class of 
A. In general, we denote by csM(kh) the class c*(1Ivf) £ H*{X) for any constructible (e.g., 
locally closed) subset Vh c A. 

Let G be a complex simple Lie group and let R be a Borel subgroup. Denote by W the 
Weyl group of G. The goal of this note is to provide an algorithm calculating the CSM 
classes of the Schubert cells X{w)° := BwB/B in the generalized flag manifold G/B, as w 
varies in W. To describe the answer, we need to recall two well known families of operators 
on the homology group iL*(G/R); we refer to 1|2] below for details. 

Let si,..., Sr £ kL be the simple reflections corresponding respectively to the simple roots 
ai,... ,ar of G, and let I" : IT ^ N be the length function. Denote by X{w) := BwB/B the 
Schubert variety corresponding to w] it is a subvariety of G/B of complex dimension l{w). 
For each 1 ^ A: ^ r, the classical BCG operator [BGG73| is an operator : H^{G/B) 
H^+ 2 {G/B) which sends the Schubert class [A(rc)] to [A(r(;sfc)] if £{wsk) > £{w) and to 0 
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otherwise. The Weyl group admits a right action on H^{G/B), which was originally used 
to define the BGG operator dk- For 1 ^ k ^ r define the non-homogeneous operator 

Tk.= dk-Sk-. H^{G/B) ^ H^{G/B), 

where denotes the (right) action of the simple reflection Sk- The main result of this note 
is the following. 

Theorem 1.1. Let w e W be a Weyl group element and 1 ^ k ^ r. Then 

Tk{csM{X{w)°)) = csM{X{wsk)°). 

In the case w = id, the Schubert cell X(id)° is a point, and csM([pi]) = [p^]- More 
generally, if rc = Si^ then the theorem implies that the GSM class csM(-T(tc)°) is 

obtained by composing the operators 71^. • • • TIj. This is reminiscent of the classical situation 
in Schubert Calculus, where one generates all the Schubert classes by applying successively 
the BGG operators dk- To further the analogy, = 0 and the BGG operators satisfy the 
braid relations. We prove that = 1, and then Theorem 11.11 can be used to show that the 
operators Tk also satisfy the braid relations (Proposition 14.1() . In particular, there is a well 
defined operator Tw associated with any w e W, and this yields a new representation of 
the Weyl group on H^{G/B). The GSM classes of the Schubert cells are the values 

obtained by applying to the class of a point \pt\ the operators T^-i in this representation. 
Further, the action of each simple reflection Tk on Schubert classes can be written explicitly 
using the Chevalley formula (Proposition I4.3() . This gives an explicit algorithm to calculate 
the GSM class of any Schubert cell. 

We also note that Tk is related to a specialization of the Demazure-Lusztig operator 
defined in [Gin98[ §12], in relation to degenerate Hecke algebras. We plan on investigating 
this connection further in a future paper. 

Perhaps the most surprising feature of the GSM classes (and of the operators Tk) is a 
positivity property. It follows from the definition of GSM classes that 

CSMiX{w)°) = ^ c{v,w)[X{v)], 

V^W 

where ^ denotes the Bruhat ordering, and c{w;w) = c(id;r(;) = 1. Despite the fact that 
Tk does not preserve the positivity of a combination of Schubert classes, we conjecture that 
c{v; w) > 0 for all v ^ w. We have checked this by explicit computations for thousands of 
Schubert cells X[w) in type A flag manifolds Fl(n) for n ^ 8. We were also able to prove 
that this positivity holds for several families of Schubert cells, across all Lie types; see f|5] 
below. 

Let P c G be a parabolic subgroup containing B, and let p : G/B G/P be the natural 
projection. Then p(A((r(;)°) = X{wWp)°, where Wp is the subgroup of W generated by the 
reflections in P. The functoriality of GSM classes can be used to prove that 

P*{csm{X{w)°)) = csm{X{wWp)°) 

(see Proposition 13.51 below). In particular, the (conjectured) positivity of GSM classes 
of Schubert cells in G/B implies the positivity of classes in any G/P. In the case when 
G/P is a Grassmann manifold this was proved in several cases by the authors of this note 
[AM091 IMihlSj. B. Jones |Jon m, j- Stryker [SFTT] . and it was settled for all cases by 
J. Huh |Huh] . Huh was able to realize the homogeneous components of GSM classes as a 
class of an effective cycle, but unfortunately his main technical requirements do not seem 
to hold for arbitrary flag manifolds G/B. 
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Our calculation of CSM classes is based on a construction of these classes in terms of 
bundles of logarithmic tangent fields. For every W ^ X, the class csm(ILvf) ^ H^{X) may 
be obtained by pushing forward to X the total Chern class of logD), where W is a 

resolution of W such that Z) := bF \ bF is a simple normal crossing (SNC) divisor ( |Alu99] . 
[AluOGal ). We refer to l|3]for details. This approach was used successfully in previous work 
by the authors |AM09j to compute CSM classes of Schubert cells in the Grassmann manifold 
and prove partial positivity results. In that case one can use a resolution of a Schubert 
variety which is a (smooth) Schubert variety, but in a partial flag manifold. B. Jones 
[JonlOj gave an alternative computation of the classes, by means of a different (small) 
resolution, and also obtained partial positivity results. The resolution used in [AMOQj has 
finitely many orbits of the Borel subgroup B, and this was a key fact in Hub’s full proof of 
the positivity conjecture for CSM classes in that case [Huh| . 

For generalized flag manifolds G/B a resolution is given by Bott-Samelson varieties. 
These are iterated P^-bundles, and they can be constructed from any (possibly non-reduced) 
word consisting of simple reflections. Section 12.31 is devoted to the definition and coho- 
mological properties of Bott-Samelson varieties. The key technical result in the paper 
is Theorem 13.31 establishing the necessary cohomological formulas calculating the push- 
forward of the Chern class of the logarithmic tangent bundle. The operators dk and Sk, and 
Tk = dk — Sk, appear naturally in these push-forward formulas. Properties of the operators 
Tfc are discussed in @ and in ^we formulate the positivity conjecture and a related identity 
and provide partial evidence for these statements. In l}6]we consider the torus-equivariant 
setting, and prove fTheorem 16.4p that a direct analogue of Theorem 11.11 holds for the equi- 
variant CSM classes of Schubert cells. We also propose equivariant generalizations of the 
conjectures presented in ^ 

Equivariant Chern-Schwartz-MacPherson classes were defined by T. Ohmoto [Ohm06] 
and have recently been the object of further study: A. Weber |Webl2| proved localization 
formulas for these classes, and in [RV| R. Rimanyi and A. Varchenko use Weber’s results to 
prove that equivariant CSM classes of Schubert cells agree with the k classes they studied in 
earlier work |RTV 14] . The k classes are related to the stable envelopes of D. Maulik and A. 
Okounkov [MOj . which are classes in the equivariant cohomology of the cotangent bundle 
of flag manifolds. In future work we plan to investigate further the connection between the 
CSM classes and stable envelopes, both from the localization point of view (cf. m and 
[Su| ) and from the point of view of Ginzburg’s theory of bivariant Chern classes [Gin86j . 

Acknowledgements. We are grateful to Mark Shimozono for pointing out some algebraic 
identities between the operators dk and Sk', and to Dave Anderson, Jorg Schiirmann, and 
Chanjiang Su for useful discussions. 


2. Preliminaries 

The goal of this section is to recall some basic facts on the cohomology of flag manifolds 
and on Bott-Samelson resolutions. We refer to [BKn5j . §2.1-§2.2, for more details and 
references to the standard literature. 

2.1. Flag manifolds and Schubert varieties. Let G be a complex simple Lie group and 
let T Q R c G be a maximal torus included in a Borel subgroup of G. Let 1} and g be 
the Lie algebras of T and G, and let ii Q f)* be the associated root system with the set of 
positive roots determined by B. Denote by A := {oi,..., ar} c R+ the set of simple 
roots. Let R'^ denote the set of coroots e 1) and (■, •) : ii (x) R'^ —> Z the evaluation 

pairing. 
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To each root a e R one associates a reflection in the Weyl group W = Nq{T)/T. 
The set of simple reflections Si := Sai generate W, thus each w e W can be written as 
w = Si^ ■ ■ ■ Si^. The minimal such integer k is denoted by i{w), the length of w. U k = i{w), 
then the decomposition w = si^ - ■ ■ Si^ is said to be reduced. There is a partial order on W 
called the Bruhat ordering, defined as follows: tt < u if there exists a chain 

where the /3j’s are roots in R such that i{ui) > Let G/B be the generalized flag 

variety. This is a homogeneous space for G (hence a non-singular variety) and it is stratified 
by Schubert cells X{w)° := BwB/B, where w e W, and each such cell X{w)° is isomorphic 
to The closure X{w) := BwB/B is called a Schubert variety. Each Schubert variety 

X{w) has a fundamental class [X(rt;)] e H2£[w){G/B), and these classes form a Z-basis for 
the (co)homology. It may be verified that X{v) c X{w) if and only if u ^ re in the Bruhat 
order. In fact, X{w) = follows f |Ful98( Example 1.9.1]) that any class in 

H:^(X{w)) may be written uniquely as an integer linear combination c^[X(u)]. 

Let I)J be the integral weight lattice and let A e be an integral weight. Then one 
constructs the G-equivariant line bundle over G/B 

£x ■■= G x-®C_A = (G X C)/B 

where B acts on G x C by b.{g,u) = {gb~^,X{b)~^u) (and the action of i? = UT on C 
extends the action of T so that it is trivial over the unipotent group U). 

The Chevalley formula states that 

(1) ci(/:a) • [X(u;)] = J](>^,r)[Xiwsp)], 

where the sum is over all positive roots (5 such that £{wsg) = i{w) — 1. See e.g., |FW04[ 
Lemma 8.1]. 


2.2. Two operators acting on H*{G/B). For each simple root e A one can construct 
the BGG operator dk : H*{G/B) H*{G/B) defined in [BGG73] as follows. Let Pk ^ G 

be the minimal parabolic subgroup corresponding to a^. Then the natural projection vr : 
G/B G/Pk is a P^-bundle and there is a fiber square 


G/B Xg/p, G/B 

pr2 

G/B - 


pri 


Pk 


■G/B 

Pk 

G/Pk 


The BGG operator is defined to be dk = PkiPk)*- We record next two properties of this 
operator; see e.g., |Knu( Proposition 2] or |Tym08| for simple proofs. 


Proposition 2.1. The operator dk satisfies the following properties: 
(a) For all Weyl group elements w e W, 


(2) 




0 if £{wsk) < £{w) 

[A(r;sa:)] if £{wsk) > £{w) 


In particular, df. = and the BGG operators satisfy the same braid relations as the 
elements of the Weyl group. 
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(b) For aU-fi,^ 2 ^ H*{G/B), 


4(7172) = 4(71)72 + 714(72) - Cl(£aJ 4 ( 7 l) 4 ( 72 ) 

where ci {Cap ,) denotes the Chern class of Cap. ■ 

For each w eW there is a well defined map r^ : G/T G/T obtained by multiplying on 
the right with any lift of w in Ng{T). This induces a ring endomorphism : H*{G/T) 
H*{G/T). Note that the projection G/T G/B is a 17 ~ S/T-bundle and because U is 
contractible this implies that the cohomology rings H*{G/B) and H*{G/T) are isomorphic. 
This defines a right action of W on H*(G/B), denoted again by u); it will be clear from the 
context whether we refer to the Weyl group element or to its action on H*{G/B). It is well 
known (see e.g., [BGG731 §1]) that for w = Sk this operator satisfies 


(3) Sfc = id - ci(Tq,J4 

where the Ghern class ci{Cap,) acts on H*{G/B) by multiplication. Gombining this with 
the Ghevalley formula we obtain an identity 


( 4 ) 


Sfc[77(u;)] 


[77(ic)] if £{wsk) < 

-[77(ii;)] -'^(ak,l3'^)[X{wskSp)] if i{wsk) > i{w). 


where the sum is over all positive roots (3 ^ such that £{w) = (.{wskSp). 

For use in ^we also record the following commutation relation of the operators 4 and Sk- 


Lemma 2.2. With notation as above, 

'®fc4 4 ) d^Sjp, 4- 

In particular, dkSk + Skdk =0. 

Proof. The first equality follows immediately from the definition of s^ and the fact that 
= 0. The second equality is a consequence of Proposition 12.li bi: 

4'Sfc = 4 4(ci(Tcn.)4) 

= 4 - 4(ci(T„J)4 - ci{£ak)Sl + ci(£aJ4(ci(/:«J)dfc 
= 4 - 4(ci(-C„J)4 
= -4, 

where we used the fact that 4 (ci(Tq,j.)) = = 2 as may be checked using Proposi¬ 
tion [2T](a) and the Ghevalley formula. □ 


2.3. Bott-Samelson varieties. For each word Si^^st^ ■ ■ ■ stp, for an element w e W one can 
construct a tower of bundles, the Bott-Samelson variety Z := endowed with 

a map 6 := : Z X{w). If the word is reduced, this map is birational, giving a 

resolution of singularities for X(w) (depending on the choice of the word for w). There are 
several ways to do this, but for our purpose we present an inductive construction which can 
be found e.g., in |BKn5l §2.2]. 

If the word is empty, then define Z := pt. In general assume we have constructed 
Z' := and the map 9' : Z' —>■ X{w'), for tc' = Sjj • • • Define Z = so 

that the left square in the diagram 


( 5 ) 


Z 


G/B xa/p^^ G/B -^ 


Z' 


e' 


k 

pr 2 


G/B 

Pik 


G/B 


Pik 


G/Pi 


'^k 
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is a fiber square; the morphisms pri,pr 2 ,Pi^. are the natural projections. From this con¬ 
struction it follows that is a smooth, projective variety of dimension k. 

The Bott-Samelson variety Z is equipped with a simple normal crossing (SNC) divi¬ 
sor Dz- We recall next an explicit inductive construction of this divisor, which will be 
needed later. If Z = pt, then Dz = 0- In general, G/B is the projectivization P(£') of a 
homogeneous rank-2 vector bundle E GjPk, defined up to tensoring with a line bundle. 
Define S := E0Oe{^), a vector bundle over G/B = P(Fi). Then we have the Euler sequence 
of the projective bundle P(£') 

(6) 0-- Op(s)-- S -- Q-- 0 

where Q is the relative tangent bundle Tp^^. Note that £ is independent of the specific 
choice of E, and pr 2 : G/B Xc/Pi^ G/B G/B, that is, the pull-back of F{E) via may 
be identified with P(T). Let £' := (0')*£ and Q' := {d')*Q, and pull-back the previous 
sequence via 9' to get an exact sequence 

(7) 0-- Oz' -- £' -- Q' -- 0 . 

The inclusion Oz> ^ £' gives a section a : Z' ^ Z oi tt and therefore a divisor Dk := 
cr{Z') = F{Oz') in P(£’') = Z. The SNC divisor on Z is defined by 

Dz = 'k~^{Dz') u Dk 

where Dz’ is the inductively constructed SNC divisor on Z'. The following result is well 
known, see e.g., [BK051 §2.2]: 

Proposition 2.3. If w is a reduced word, then the image of the composition 6 = pri o 9i : 

^ G/B is the Schubert variety X{w). Moreover, 6~^[X{w) '^X{w)°) = Dz^^ 
and the restriction map 

is an isomorphism. 

Let hk := ci(0£/(l)) e H‘^{Z). For later use we record next the class of the divisor Dk 
in Z, and the Chern classes of the relative tangent bundle T^r = Tp(£')\z' and of Tz- 

Proposition 2.4. The following identities hold in H*{Z): 

(a) Dk = ciin^iQ') 0Oe,il)) e H*{Z); 

(b) hk- Dk = 0; 

(c) c{T0 = (1 -I- Dk){l + hk), and therefore 

c{Tz) = 7r*{c{Tz')){l + hk){l + Dk). 

Proof, (a) follows from the definition of Dk and [Ful98[ Ex. 3.2.17], since Q! = £'/Oz'■ 

(b) holds since hk\Dk = ci(C10z,(l)) = 0. 

To prove (c), note that by ([7]) the Chern roots of £' are 0 and ci(Q'); it follows from (a) 
that the Chern roots of 7r*T' 0 0£/{l) are hk and Dk. The Euler sequence 

0-^ Oz -^ tt*£' 0 C>£/(1)-^ ^ 0 


then implies c{T0 = c{tt* £' 0 0£' {!)) = (1 -I- hk){l + Dk). The last statement follows from 
ciTz) = n*iciTz^))ciT0. □ 
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3. Chern-Schwartz-MacPherson classes of Schubert cells in GjB 

3.1. CSM classes. Let Y be an algebraic variety over C. Denote by T{Y') the group of 
constructible functions on Y: the elements of BiY) are finite sums ^CiUvFi where Ci e Z, 
Wi '^Y are locally closed subvarieties, and Ivu denotes the characteristic function taking 
value 1 on p 6 VL and 0 otherwise. If f :Y ^ X is a proper morphism of varieties, one can 
define a push-forward : T{Y) —>■ T{X) by setting 

MTfw){p) = x{f~Hp) ^ W) 

for VL c y a subvariety and p e X, and extending by linearity to every (p e X(Y)] this makes 
X into a covariant functor. Here x denotes the topological Euler characteristic. MacPherson 
[M ac74] proved a conjecture of Deligne and Grothendieck stating that there exists a natural 
transformation ■. T ^ such that if Y is non-singular, then c=i=(Iiy) = c{Ty) Ci [P]. 
The naturality of means that if / : P —> X is a proper morphism, then the following 
diagram commutes: 

j-(p)- 

U 

F{X) - 

That is, 

( 8 ) f^{c:^{p)) = c^{f*{p)) 

in Hif[X), for all constructible functions p). Resolution of singularities and the normalization 
requirement easily imply that c* is unique. 

If P is a compact complex variety, the class CH=(lly) coincides with a class defined earlier 
by M. H. Schwartz |Sch65a[ ISch65b| : this class is the Chern-Schwartz-MacPherson (CSM) 
class of P. Taking / to be a constant map, the commutativity of the above diagram implies 
that 5 ch=(11y) = x(^)) so this class provides a natural generalization of the Poincare-Hopf 
theorem to possibly singular varieties. Abusing language a little, we denote by csm(IP) : = 
c^{lw) £ UPY the CSM class of any constructible set IP in a variety P; by additivity of 
Euler characteristics, 5csM(kP) = xiW)- 

Our main tool will be the observation that if Z is a nonsingular variety and IP ^ Z is 
an open subvariety such that Z \ IP is a SNC divisor with components Dj, then 

(9) csm(IP) = Y\\lfD,) "" ^ 

(cf. [CPr)2t Proposition 15.3], |Ahi99( Theorem 1]). 

In fact this observation may be used to extend the scope of the natural transformation c^ 
to arbitrary algebraically closed fields of characteristic 0, with values in the Chow group A^. 
In this generality, may be constructed as follows. Every constructible function on P can 
be written as a linear combination of characteristic functions Iw for IP locally closed and 
non-singular in P, so it suffices to describe csm(IP) = c*(lfvu) for such IP. By resolution 
of singularities, there exists a desingularization vr : Z ^ IP of the closure IP of IP in P 
such that D := 7r“^(IP \ IP) is a SNC divisor in Z. Then one may take the push-forward 
of dHl to P as the definition of c,= (11vf): one can show that over algebraically closed fields 
of characteristic 0 the resulting c,, is independent of the choices and satisfies the Deligne- 
Grothendieck axioms mentioned above ( [AluObal lAluOGb] ). 


U 

ix) 
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3.2. A recursive formula for CSM classes of Schubert cells. We will now apply 
identity ([9j) to calculate the Chern-Schwartz-MacPherson class of a Schubert cell X{w)° c 
G/B. This class may be viewed as an element of H^{G/B), and in fact of H:f:{X{w)), and 
hence it can be written as an integer linear combination of classes [A(u)] for u ^ tc in the 
Bruhat order, as we observed in We will give an algorithm which yields this linear 

combination. All the necessary ingredients were developed in il2.3l and we keep the notation 
of that section. In particular we recall the fiber diagram (l5|): 


T 

Z' 


-- G/B xa/p^^ G/B -^ 


e' 


k 

pr 2 


G/B 

Pik 


G/B 


Pik 


G/Pi 


'^k 


Let Sjj ■ ■ ■ Sjj. be any word (reduced or otherwise), and let Z := be the correspond¬ 

ing Bott-Samelson variety. Recall from ^2.31 that G/B XQjp.^ G/B = P(£^) for a canonically 
dehned vector rank-2 vector bundle 6 on G/B] thus Z = is the projectivization of 

the pull-back £' = 9'*{£). In we have the tautological class = ci(0£-/(l)), 

as well as the pull-backs of hj from for j < k] we will omit the pull-back notation. 

Let Dz be the SNC divisor defined in il2.3l and denote by Z° = Z°_^ the complement 
Z \ Dz- By dH), 


( 10 ) 


csm{Z°) 


cjTz) 

(1 -I- Di) • • • (1 -I- Dk) 


n[Z] 


where Di,, Dfc are the components of Dz. 


Lemma 3.1. With notation as above, the following holds in H^{Z): 

k 

csm{Z°) = (1 + hk) • ^^{csm{Z'°)) = n(l + hj) • [Z]. 

Proof. The hrst formula follows from (llOjl and Proposition 12.41 fc). and the second formula 
is an immediate consequence. □ 

Now let X{w) be the Schubert variety determined hy w e W, that is, the closure of 
X{w)° in G/B, and hx a reduced decomposition sq ■ ■ ■ Si^ oi w and the corresponding 
Bott-Samelson variety Z. As recalled in Proposition 12.31 the composition pri o 9i gives a 
proper birational morphism (hence a desingularization) 9 \ Z ^ X{w), restricting to an 
isomorphism on 9~^{X{w)°) = Z°. 

Lemma 3.2. The CSM class of the Schubert cell X{w)° is given by 

Csm{X{w)°) = 0,((1 + hk) • 7T^CSMiZ'°))). 

Proof. By construction, ^^^^(IL^o) = therefore, the functoriality of CSM classes Q 

implies csM(A(rt;)°) = (csm(- 2^°)), and the stated formula then follows from Lemma [3Tl 

□ 


Lemma [3.21 motivates the study of the quantity 0 =h((1 + hk) ■ '^*{'y)) for 7 e H^{Z'). 
The next theorem gives the key formulas needed for explicit calculations, in terms of the 
operators introduced in ^ 2.21 

Theorem 3.3. Let 7 e H^{Z'). Then the following holds in H^{G/B): 

(a) 9^{TT*{y)) = di^{9'^{y)); 
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(b) e^{hk • 7r*(7)) = -S 4 ( 6 ';( 7 )). 

Therefore, 

6'*((1 + hk) • 7r*(7)) = 

where % : H*{G/B) H*{G/B) is the operator given by % = di — Si. 

Before proving the theorem, we note that if 7 = csm{Z'°), then 6 *^ 7 ) = csm(-^(r’ 0°) 
where w' = Si^ ■ ■ ■ = wsi^,. Therefore Theorem l.f .31 gives a recursive formula to calculate 

the CSM classes: 

Corollary 3.4. Let w e W be a non-identity element and let Sk be a simple reflection such 
that £{wsk) < i{w). Then the following recursive identity holds: 

csm{X{w)°) = Tk{csM{X{wsk)°)), 

with the initial condition that csM{^{id)°) = csM{pt) = [pi]- 

The explicit action of the operator Tk on Schubert classes [^(n)] is obtained by combining 
identities ([2]) and (j3|) above. The resulting formula together with other properties of the 
operator Tk will be presented in 0 below. 

Proof of Theorem \3.3X Both the left and right squares in ([5|) are fiber squares, and is 
flat and 9 = priOi is proper, so 

6l=,7r*(7) = Sifle'fl-f)) 

by [Ful98l Proposition 1.7] and the definition of di^ given in 112.21 This proves (a). 

For (b), let 7 := O'fl-i) e H*{G/B) and 

hk = cflOsil)) e H\G/B Xg/p^^ G/B), 

so that hk = 9*(hk)- Then 

9^{hk ■ vr*( 7 )) = {pri)^{9i),,{9*{hk) ■ ^*( 7 )) 

= {pri)^{hk ■ 

= {pri)^{hk ■ prl{9')^{-i)) 

= {pri)^{hk -prlii)). 

In the second equality we used the projection formula, and in the third we used the fact that 
the left square in ([5|) is a fiber square and that pr 2 is flat and 9' is proper. Now recall that 
G/B is the projectivization F{E) of a vector bundle E over G/Pi,., and £ is p|^(Fi)®0£;(l) 
as a bundle over G/B. We can compute the tautological subbundle Os{—Tj of pr^^S), a 
bundle over G/B Xc/Pi^. G/B, by using [Ful98l Appendix B.5.5]: 

(s)(-l)®pr|Os(l) =prtOE(-l) 0 pr|Os(l). 

Letting rj = ci{Oe{^))i this implies 

h = ci{prlOE{l)) + ci{pr^OE{-l)) = prl{p) -pr|(r/), 
and the projection formula gives 

{pri)*{hk ■ prlij)) = {pri)^{{prl{ri) - prlig)) -pr^y)) 

= V ■ {pri)^prl{j) - (pri)*pr|(p • 7 ) 

= P-ptiPik)* ( 7 ) - Pt(Pik )*(??• 7 ) 
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where the last equality follows since the second square in ([5]) is also a fiber square and pi^ 
is both flat and proper. By definition, = Pi^^iPif.)^- Putting all together, we have shown 
that 

0^{hk ■ = 'll ■ ^ 4 ( 7 ) - ^ 4(7 • 7)- 

Since 0 _b( 1) has degree 1 on the fibers of pi^, and pi^, has relative dimension 1, we have 

^ 4 ( 7 ) =Pt{Pik)*iv) = [G/B]. 

We use this and part (b) of Proposition 12.11 to get 

^4 ivi) = ^4 {il)-l + V ^4 ( 7 ) - Cl ) ■ di^ (r/) • ( 7 ) 

= 7 + • ^4 ( 7 ) - Cl ) ■ di^ ( 7 ) 

and finally 

0H=(/ifc-7r*7) = -7 + ci(/:„,J-d4(7) = (-id + ci(/:„,J)(7) = - 54 ( 7 ) 
by ([3]), concluding the proof of (b). □ 


3.3. Chern classes of Schubert cells in G/P. Fix a parabolic subgroup P c G con¬ 
taining the Borel subgroup B. Let Wp ^ VF be the subgroup generated by the simple 
reflections in P. It is known (see e.g., [Hum9n( §1.10]) that each coset in WjWp has a 
unique minimal length representative; we denote by the set of these representatives. If 
w 6 W, then one can define a length function i : WjWp ^ N by £(wWp) := £{w') where 
w' 6 is in the coset of w. 

The space G/P is a projective manifold of dimension £{wqWp), where wq is the longest 
element in W. For each w e there is a Schubert cell X{wWp)° := BwP/P of dimension 
£{wWp), and the corresponding Schubert variety X{wWp) := BwP/P; see e.g., [BLOOi 
§2.6]. The fundamental classes {X{wWp)] e H 2 (,{wWp){G/P) {w e W^) form a Z-basis 
for the homology H^{G/P). The natural projection p : G/B ^ G/P satisfies p{X{w)) = 
X{wWp) and the induced map in homology is given by 


( 11 ) 


p^[X{w)] 


[X{wWp)] if £{w) = £{wWpy, 
0 otherwise . 


Proposition 3.5. With notation as above, 

(12) csMiXiwWpf) = p^{csM{X{wr)) e H^{G/P) 

for all w e W. Further, if u ^ w and £{u) = £{uWp), then the coefficient of [7f(u)] in 
csm{X{w)°) equals the coefficient of[X{uWp)] in csMiX{wWp)°). 

Proof. The topological Euler characteristic x of the fibers of the restriction of p to X{w)° is 
constant, hence the push-forward p=i=(lljv(w))°) equals x • ^x{wWp)°- Hy functoriality of CSM 
classes ([8]) this implies that PH=(csM(W(rt;)°)) = x • csM(W(t(;VFp)°). Since the coefficient of 
\pf\ in both CSM classes equals 1, it follows that x = 1- The last claim follows from (llip . □ 


Thus the CSM classes of Schubert cells in G/P are determined by the corresponding 
classes in G/B. For example, the CSM classes of Schubert cells in the ordinary Grassman- 
nian, determined explicitly in [AM09| . can also be computed in principle using the recursive 
formula obtained in Corollary 13.41 see Example 14.41 for a concrete example. Further, the 
push-forward formula (fTT]l implies that if the positivity conjecture discussed in lj5] is true 
for the CSM classes of Schubert cells in G/B, then the analogous conjecture must be true 
for CSM classes of Schubert cells in G/P for any parabolic P containing B. 
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4 . The operators Tk and a Weyl group representation on H*{G/B) 

In this section we analyze the operator Tk = dk — Sk ■ Hit:{G/B) ^ Hit:{G/B) which gives 
the recursion for CSM classes of Schubert cells as proven in Corollary 13.41 We start by 
recording the main algebraic properties of the operators Tk- 


Proposition 4.1. The following identities hold: 

(a) 7J - 1. 

(b) The operators Tk satisfy the braid relations, i.e., {TTj)^^’^ = 1 where vriij is the 

order of the element SiSj e W. Also, if w = is a representation of an 

element w e W as a word in simple reflections, then the operator Tw '■= T-,^ - ■ - T^ 
is independent of the choice of the word representing w. 

(c) For any u,v e W, % ■ T = Tv- 

Proof. First we note that 

Ti = (4 - skf = 4 = 1 

since 4 = 0 and dkSk + Skdk = 0 by Lemma [2.21 This proves part (a). To prove the 
first part of (b), it suffices to show that the relations hold after applying the operators to 
the classes csm(-^(w^)°)) since these form a basis for H^{G/B). These relations follow then 
immediately from the fact that for all in e IT and all simple reflections Sk, 

(13) Tk{csM{X{w)°)) = csM{X{wsk)°) 

as a consequence of Corollary 13.41 and part (a). The independence of Tw on the specific word 
for w is also an immediate consequence of (I13p . Finally, (c) follows from the independence 
of Tw on the word representing w. □ 

The proposition implies that the operators Tw define a representation of the Weyl group 
IT on H:^{G/B). We record an immediate consequence of the identity (jl3h from the proof 
of Proposition 14.11 


Corollary 4.2. Let u, w be two Weyl group elements. Then the identity 

Tu{csm{X{w)°)) = csm{X{wu~^)°) 
holds in H^{G/B). In particular, csm{X{w)°) = Tw-:{\ptf)- 

Combining the actions of dk and Sk on Schubert classes found in the identities ([2]) and 
Q from 1 )2.21 we obtain the following explicit formula for Tk- 


Proposition 4.3. 


Tk{[X{w)]) 


-[X(u;)] if i{wsk) < i{w) 

+ [X(rc)] + Y,(ak, fl'')[X{wskSi3)] if£{wsk) > £{w) 


where the sum is over all positive roots fl A ak such that £{w) = £{wskSp). 


Example 4.4. Using Corollary 14.21 and Proposition 14.31 it is straightforward to implement 
computations of CSM classes of Schubert cells in symbolic manipulation packages such as 
Maple. For instance, we obtain that the CSM class for the open cell in the flag manifold 
Fl(4) (in type A) is: 


csm(T(4321)°) = [X(4321)] + [X(4312)] + [A(4231)] + [A(3421)] + 2[X(4213)] + 2[A(4132)] 
+ [A(3412)] + 2[A(3241)] + 2[A(2431)] + [A (4123)] + 5[A(3214)] + 5[A(3142)] 

+ 3[A(2413)] + [A(2341)] + 5[A(1432)] + 3[A(3124)] + 4[A(2314)] + 6[A(2143)] 

+ 4[A(1423)] + 3[A(1342)] + 3[A(2134)] + 4[A(1324)] + 3[A(1243)] + [A(1234)] 
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where we use the standard identification of the elements of W with permutations in indexing 
the 4! Schubert classes. 

Note that the terms corresponding to the ‘Grassmannian permutations’ (aia 2 &i& 2 ) with 
oi < 02 and 6 i < 62 are 


[X(3412)] + 3[X(2413)] + 4[X(1423)] + 4[X(2314)] + 4[X(1324)] + [X(1234)] 


and push-forward as prescribed by identity (I12p in 1)3.31 to the CSM class for the open cell 
in G(2,4) (cf. the row corresponding to □□ in |AM09[ Example 1.2]). ^ 


Remark 4.5. Even if £{wsk) > iiw), Tk{[X{w)]) is in general not a positive combination 
of Schubert classes. For example, let G = SL 4 (C), and let w = wqs^, where wq is the 
longest element in W = 5 * 4 , the symmetric group with 4 letters. Using again the standard 
identification of the elements of W with permutations, so that wq = (4321) and S 3 = (1243), 
then w = (4312) and 

r3([X(4312)]) = [A:(4312)] + [X(4321)] - [X(4231)]. 

Nevertheless, substantial evidence suggests that the classes Tki'j), and hence all classes 
Twi'y), are positive linear combinations of Schubert classes if 7 is a positive combination of 
CSM classes csm(-A(u)°); see ^ 


5. Positivity of CSM classes 

Fix w e W and consider the CSM class csm(-A(u;)°). As we have shown, if S 7 • • • Si^, is a 
reduced decomposition for w, then 

(14) csm(X(u;)°) = 0.(csm(^°)) = 0^ ^n(l + h,) ■ [Z]j 

where 9 : Z := .^ 7,,,,,4 ^ X{w) is the Bott-Samelson resolution (Lemma 13.11) . We have 
also shown that 

(Corollary 13.41) . Since csm(-A(u;)°) e Hi^{X{w)), we have 

(15) csm{X{w)°) = Yi c(u;u;)[X(u)] 

U^W 

where c(tt; w) are well-defined integers. In fact, c{w; w) = 1 since the map 9 is birational, 
and c(id; re) = 1 since X{w)° = and x(A^("’)) = 1. 

The operator Tk does not preserve positivity: Tk{[X{sk)°]) = —[A(sfc)°] by Proposi¬ 
tion 031 and in fact 7fc([Ar(u;)°]) may have negative contributions from Schubert classes 
even if i{wsk) > i{w) (Remark 14.5p . Examples also show that c^m{Z°) is not necessarily 
a positive combination of strata of the normal crossing divisor Dz '■= Z \ Z° {Zl 2 ^ 2 i 
the smallest such example). So one should not expect any positivity properties of the CSM 
class a priori. Nevertheless, we conjecture that these classes are positive: 

Conjecture 1. For all u ^ w, the coefficient c{u‘,w) from the expansion (USD is strictly 
positive. 

Note that with notation as above, the class of the Schubert variety X{w) is given by 

csm(^(w')) = 2 ( S c(u;u) j [A(u)]; 

u^w \u^v^w / 


( 16 ) 
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indeed, Ix(io) = ^x{v)° ■ So Conjecture [U would imply that these classes are also 

necessarily effective. 

A positivity result analogous to Conjectured] was conjectured by the authors in |AM09] 
for Schubert cells in the Grassmannian Gr(p, n) of subspaces of dimension p in C”. This 
conjecture was proved in |AM09j in the case p = 2, in [MihlSj for p = 3, and several classes 
of coefficients were proved to be positive by B. Jones [JonlOj and J. Stryker [Strllj . The 
full conjecture has recently been proven by June Huh [Huh] . By Proposition 13.51 the CSM 
classes of Schubert cells in any homogeneous space G/P are in fact push-forwards of CSM 
classes of Schubert cells in G/B-, therefore Conjecture [T] would simultaneously imply the 
positivity of all CSM classes of Schubert cells in all G/P, and in particular it would yield 
an alternative proof of Hub’s theorem. 

By the same token, Hub’s theorem provides some evidence for Conjecture dl since it 
implies that c(u; w) > 0 in type A when ri is a Grassmannian permutation (cf. Example l4.4ll . 
In fact, Conjecturedjin type A is also supported by explicit computations of several thousand 
cases. At the time of this writing, we have verified that the CSM classes of all Schubert 
cells in Fl(n) are positive for n ^ 7 and for all words of length ^ 15 in Fl(8). 

In the rest of this section we discuss more evidence for Conjecture dl in ah types. We 

prove positivity in the following cases: 

• c(rt; w) > 0 ii u < w and i{w) — £{u) = 1 fCorollary 15.2p : 

• c{u-, w) > 0 for Sill u ^ w if w admits a decomposition into distinct simple reflections 

lCorollarv l5.4p . 

These two results will follow from more general considerations which seem independently 
interesting: the first one is an explicit computation of the codimension 1 term in the CSM 
class of a Schubert cell (Proposition [5T]), and the second one highlights one case in which 
the operator Tk does preserve positivity (Proposition 15.3p . 

Proposition 5.1. Let p = uii + ■ ■ ■ + uir be the sum of the fundamental weights, and let 
w e W. Then 

csm{X{w)°) = [A(rc)] -I- ci{Cp) ■ [A(rt;)] -I- lower dimensional terms. 

Proof. Let w = be a reduced decomposition, and let Z := with SNC 

divisor Dz, as in H2.31 By [BKOhp Prop. 2.2.2], 

Kz = Oz{-Dz)®9*{ci{C.p)) 

and hence ci(T^) = \Dz\ + 0*{ci{Cp)). On the other hand, ci(T^) = \Dz\ + by 

Proposition 12.41 (c). Therefore hi + ■ ■ ■ + hk = 6*{ci{Cp)), and the stated identity follows 
from (I14p and the projection formula. □ 

Corollary 5.2. The coefficient c{u\w) > 0 if u < w with i{u) = i{w) — 1. 

Proof. Recall that (pJi,a j} — dij (the Kronecker symbol) and in particular > 0 for 

all simple roots aj. Consider u < w such that l{u) = l{w) — 1. Then u = wsp for some 
positive root /3 e R'^ (see e.g. [Hum901 §5.11]). By the Chevalley formula ([T|), the coefficient 
of \X{wsp)\ in ci{Cp) n [X(rt;)] equals (p,/3^) > 0, concluding the proof. □ 

Proposition 5.3. Let w eW he a Weyl group element, and assume w admits a decompo¬ 
sition into simple reflections other than Sk. 

(a) The homology class Tk{[X{v)]) is a non-negative linear combination of Schubert 
classes [Ai(u)] with u ^ vsk. In fact, 

rfc([A(u)]) = [A(usfc)] + [A(u)] + 2 dk{u-,v)[X{u)] 

U<VSkiU^V 
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with dk{u] v) ^ 0 for all u < vsk- 

(b) Assume in addition that Sk commutes with all simple reflections in a decomposition 
of V. Then dk{u] v) = 0 for u < vsk, u ¥= v, that is: 

%{[X{v)]) = + [X(i;)]. 

Proof. Let := {sjj,..., be the set of reflections appearing in a reduced decomposition 
of n; this set is independent of the choice of reduced decomposition, since it is preserved by 
the braid relations in W (see e.g., [Hnm9n( §5.1]). Since every decomposition of v into simple 
reflections can be reduced to a reduced decomposition, the hypothesis of the proposition 
implies that s^ f 5"^ in part (a), and that further commutes with all Si^ 6 5 in part (b). 
Since vs^ > v, by Proposition 14.31 we have 

(17) TkiiXiv)]) = [X{vsk)] + [X{v)]+Y,(ak,fl'')[X{v.SkSp)] 

where the sum is over all positive roots fl A oik such that i{v) = £{vskS^). We have to 
prove that, under the hypothesis of the proposition, (oik,fl''') ^ 0 for all fl in the range of 
summation. In fact, all the fl in this range satisfy vskSjs < vsk, and we will verify that 
(ak,fl'^') ^ 0 for all such reflections fl. By [Hum90[ §5.7] the condition vs^ > v implies that 
v{ak) > 0, and vskSjs < vs^ implies that vskifd) < 0, i.e., 

(18) v{fl - (fl, al)ak) = v{fl) - </3, al)v{ak) < 0. 

If v{j3) > 0, then we are done, because v{ak) > 0. So we assume v{j3) < 0, which is 
equivalent to < v, and it follows that admits a reduced expression only using 
reflections in 5^,. We deduce that s^ does not appear in a reduced expression for s^, and 
hence that the simple root does not appear in the support of the positive root /3. Since 
Sau ^ ‘S'u, it follows that does not appear in the support of n(/3); and appears with 
coefficient +1 in v{ak). Then (fT8]l forces ^ 0 as claimed. This proves part (a). 

To prove part (b) we use a similar argument. By (fT7|) . it suffices to show that {ak, = 0 
for all reflections sp such that vskSjs < vsk- This relation implies that Sfs has a reduced 
decomposition containing only simple reflections in an expression for vsk- But /d A ctk, and 
no simple reflections s^j with aj adjacent to ak in the Dynkin diagram for G can appear in 
the decomposition of Sjs: otherwise such reflections would appear in S^, contradicting the 
commutativity hypothesis. This implies that the support of /3 does not contain any simple 
root adjacent to ak, thus (ak,fd'^') = 0, concluding the proof. □ 

Corollary 5.4. Let w e W be a Weyl group element, and assume w admits a decomposition 
into simple reflections other than Sk- If c{v; w) > 0 for all v ^ w, then c{u; wsk) > 0 for all 
U ^ WSk- 

In particular, if w e W admits a decomposition into distinct simple reflections, then 
c(n; rc) > 0 for all u ^ w. 

Proof. The second statement follows from the first by an immediate induction. To prove the 
hrst statement, note that if Sk does not appear in a decomposition for w, then it does not 
appear in a reduced decomposition for w, and hence it does not appear in a decomposition 
for V. Thus the hypothesis of Proposition 15.31 applies to all v ^ w. By Corollary 13.41 we 
have 

csM(-T(t(;sfc)°) = 7fc(csM(w^)°) = TkJ] c(n;-u;)[X(n)] 

V^W 

= X! c(u;'«;) I [X(nsA:)] + [X(n)] + ^ dkiu';v)[X{u')] 

V^W \ u' <VSls,u' 
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with c{v,w) > 0 by hypothesis and dk{u';v) ^ 0 by Proposition 15.31 The statement is 
immediate from this expression, since u ^ wsk implies that u has a reduced expression 
which is a subexpression of one for ws^, thus either u = v^w or u = vsk with v ^ w. □ 

A particular case of Corollary 15.41 is particularly vivid: if rc = ■ ■ ■ Si^ is a reduced 

decomposition and the simple reflections ,..., commute with one another, then an 
induction argument based on Proposition I5.3f bl implies that 

(19) csm(V(io)”) - 2 [V(u)]. 

U^W 

Notice that if w satisfies this condition, then so does every v preceding it in the Bruhat 
order. Then (fT6]) and (fT^ give the CSM class of the Schubert variety 

csm{X{w)) = 2 

U^W 

for every w e W decomposing into commuting simple reflections. 

6. Equivariant Chern-Schwartz-MacPherson CLASSES OF Schubert cells 

In this section we extend our calculation of CSM classes to the T-equivariant situa¬ 
tion. We will show that the same difference dk — Sk defines an operator on equi¬ 
variant homology H'^{G/B), sending an (equivariant) CSM class csM^(-T(rc)°) to the class 
csM^{X{wsk)°)- The proof of Lemma l2.2l extends to the equivariant setting, and shows that 
{dk — Sk)'^ = id. In particular, the operators give a representation of W on equivariant 
homology. The proof that acts as expected on CSM classes is essentially identical to the 
proof in the non-equivariant case; we only need to verify that no ‘equivariant corrections’ 
are introduced in the recursion formula from Corollary 13.41 

6.1. Equivariant CSM classes. Recall that T c R is the maximal torus in the Borel 
subgroup B. If A is a variety with a T-action, then the equivariant cohomology H^{X) 
is the ordinary cohomology of the Borel mixing space Xt ■= {ET x X)/T, where ET is 
the universal T-bundle and T acts by t ■ (e,x) = (et“^,fx). It is an algebra over H^{pt), a 
polynomial ring Z[ti,... ,tr], where ti,... ,tr form generators for the weight lattice of T. We 
address the reader to [Knu] or [Ohm06] for basic facts on equivariant cohomology. Since X 
is smooth, we can and will identify the equivariant homology HJ{X) with the equivariant 
cohomology H^{X). Every closed subvariety Y ^ X that is invariant under the T action 
determines an equivariant fundamental class [T]t ^ H^{X). 

Ohmoto defines the group of equivariant constructible functions (for tori and for 

more general groups) in [OhmOB) §2]. We recall the main properties that we need: 

(1) If IT <= A is a constructible set which is invariant under the T-action, its character¬ 
istic function is an element of T'^(A). (The group J-'^(A) also contains other 
elements, but this will be immaterial for us.) 

(2) Every proper T-equivariant morphism f : Y ^ A of algebraic varieties induces 
a homomorphism fj : T^(A) ^ J^{Y). The restriction of /J to characteristic 
functions of constructible T-invariant sets coincides with the ordinary push-forward 
/:^ of constructible functions. See |Ohm06[ §2.6]. 

Ohmoto proves [OhmOBl Theorem I.l] that there is an equivariant version of MacPherson 
transformation cj : T'^(A) ^ H'^{X) that satisfies cj(lly) = c'^{Ty) n \Y^t if T is a 
projective, non-singular variety, and that is functorial with respect to proper push-forwards. 
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The last statement means that for all proper T-equivariant morphisms Y 
diagram commutes: 






H^{y) 


Hi {X) 


X the following 


We denote by csM^(-T(rt;)°) := cJ(Ilx(«;)o) the equivariant CSM class of the Schubert 
cell corresponding to an element w eW. 

Finally, we note that both the BGG operator di and the right Weyl group action Si 
are induced by morphisms which commute with the T-action. It follows that they both 
determine H^{pt)-algehia endomorphisms of H^{G/B), for which we will use the same 
notation. Further, Proposition 12.11 and formula ([3]) extend to the equivariant setting after 
replacing the Ghern class ci (Tq,j, ) by its equivariant version cj {Cof, ) • We refer to [Knul §3] 
for details. The analogue of identity ([H) can be found in [Knul §4, Corollary]; the equivariant 
version includes additional terms. 


6.2. Equivariant CSM classes via the operator T/F = In this section we give 

the proof of the equivariant version of Theorem 11.11 
Recall the diagram ([5]) from H2.3t 


( 20 ) 


Fl^GlBxa/p^GlB^ 


k 

pr 2 


Z' 


GjB 


Pik 


-G/B 

Pik 

GiPik 


Recall that Z' is the Bott-Samelson variety for a Weyl group element w' e W and that Z 
is the Bott-Samelson variety corresponding to w' where (.{w'si^) > 

Recall also that G/B is a P^-bundle ¥{E) for some rank-2, equivariant vector bundle over 
GjPi^, and that we defined £ := E (S) C1_b( 1), a vector bundle over G/B. This bundle fits 
into the exact sequence Q of equivariant vector bundles 


0 -^ O -^ ^ Q -^ 0 , 


where the action on O is trivial, and Q = Tp.^. The inclusion O c £ determines an 
equivariant section crj^, : G/B —>■ P(i5) = G/B XQjp.^ G/B, inducing the section cr of vr 
introduced in 112.31 

Lemma 6.1. The image of the section ai^ is the diagonal A c G/B XQjp.^ G/B. 

Proof. The image of atf. is P(0), which maps identically to G/B via both pri and pr 2 . □ 
Proposition 6.2. (a) We have an isomorphism of equivariant bundles 

Osil) = pr^Opi-l) 0prtOE{l). 

(b) The diagonal A is the zero loeus of a homogeneous section of the bundle 

GgIBxg/p. g/b(^) = ® Clf (1). 

(c) Let [AJr e HF{G/B XQjp. G/B) be the equivariant fundamental elass determined 
by A. Then 

[A]t = cJ{PG/BxG|P^^G/B{^)) G [G/B ^G/Pi^ G/B)t- 
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Proof. Part (a) was proved within the proof of Theorem l3.3l The inclusion A c G/B Xc/Pi 
G/B is given by P(0) c P(£’). Then by |Ful98[ Appendix B.5.6] A is the zero locus of a 
section of the bundle Q0O£:(1). This establishes (b). 

Part (c) follows from a general fact: if an equivariant divisor D is the zero scheme of 
a homogeneous section of an equivariant line bundle L on GjB, then [-D]t = cflG) n 
\G/B^T- This follows from the analogous non-equivariant statement in the corresponding 
Borel mixing space. □ 


The next observation is that Q extends to the equivariant case. 

Let 0 be a variety with a T-action, and let D ^ Z be a divisor with simple normal 
crossings and equivariant components Di. Then 

(21) csM^iZ ^D) = n [Z]t, 

where DJ = c[{0{Di)) (so that Df n [Z]t = [Hijr)- 

This may be proven by the same method used in the proof of [Alu99l Theorem 1]. 

Now let Z = and let D = Dz be the SNC divisor defined in 112.31 Recall that 

D = 'k~^{Dz') u Dfc. The following is the equivariant analogue of Lemma 13.21 

Lemma 6.3. The following identity holds in HJ{G/B): 

csM^iXiwT) = 9,i{l + hi) . 7r*{csM^iZ'°))) 

where hi = (0')*cf (C)£-(l)). 

Proof. By Proposition I6.2lf bi. A"^ = cf(pr|(Q) ® Of(l)). Pulling back by 6', we obtain 
DI = cl{7r*{6'*Q) 0 0£:(1)), and this implies 

J{Tz) = 7r^(c^(TzO)(l + hl){l + Dl), 

arguing exactly as in the proof of Proposition 12.41 (c). The stated identity follows then 
from (I2ip by the same argument proving Lemma 13.21 from ([9]). □ 

Theorem 6.4. Let TjF : Hf{G/B) H^{G/B) he the operator 

Til = {1 + cf - id= dk- Sk. 

Then {csm^ {X{w)°)) = csM^{X{wsk)°). 


Proof. The same proof applies as in the non-equivariant case, taking into account that all 
maps used are T-equivariant and that the statement of Proposition 12.11 extends without 
changes to the equivariant setting. □ 


The equivariant versions of the identities ([2]) and (j4]) yield the following explicit formula 
for the equivariant operator TH : 


Proposition 6.5. 


Tf ([^(«;)]) 


|-[A(r(;)] if £{wsk) < iiw) 

|(1 + w{ak))[X{wsk)] + [A(u;)] + P''}[X{wskSi3)] if £{wsk) > i{w) 


where the sum is over all positive roots /3 A Ofc such that £{w) = (.{wsksY), and w{ak) 
denotes the natural W action on roots. 


Notice that wsk > w implies that w{ak) > 0. 
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6.3. Equivariant positivity. Theorem 16.41 and Proposition 16.51 give an effective way to 
compnte equivariant Chern-Schwartz-MacPherson classes of Schubert cells in GjB. Since 
the equivariant classes [X{u)]'^ form a basis of H^{G/B) over = Z[ti ,... ,tr], we 

have an equivariant analogue of (fT^ : 

(22) csm^(-^(r^)°) = 2 c^{u;w)[X{u)]t 

U^W 

where (F{u\w) are well-defined polynomials in the tj’s. 

Remark 6.6. • Proposition 16.51 implies that c^{u; w) is a polynomial with integer coefficients 
in the roots ap, for example, c^(u; w) is a polynomial in ti — U+i in type A. 

• The constant term in c^{u]w) equals the non-equivariant coefficient c{u;w). 

• By general considerations (see e.g., |Ohm06l §4.1]), csM^(-A(r(;)°) has no nonzero com¬ 
ponents in HJ{G/B) for i < 0. This implies that the polynomials c^{u]w) have degree at 
most dim(Ai(n)) = £(n) in the roots ctj. In particular c^(id;r(;) is constant, and it follows 
that c^{id]w) = 1 for all w. 

• The sum Xin losVF^)[^(^)]^ equals the total equivariant Chern class of the flag 
manifold G/B. Now, we have the identity 

C^G/b) = 0 

aeR+ 

where Ca is the line bundle defined in 112.11 Indeed, Tq/^ is the homogeneous bundle 
G {Lie{G)/Lie{B)) = G x^ Lie{U~) where U~ is the opposite unipotent group; it 
follows that the weights at the B-fixed point are the negative roots of (G, B). In particular, 
the localization at id.i? of equals 

^U.bC^{Tg/b)= n (!-«)= n 

aeR+ aeR+ 

The stated identity follows by homogeneity. Since the polynomial c^{wo-,wo) equals the 
coefficient of [G/B]t in this class, we must have 

(23) c^{wo-,wo)= ]^(l-ha) 

aeR+ 

where the product ranges over all positive roots. 

• More generally, let rc = sq ... be a reduced decomposition. It follows from Propo¬ 
sition 16.51 that the leading term of csM'^(Ai(t(;)°) = (Tj^. ... Ti^)[X{id)]T is 

k 

J{w]w) = ]^(1 Sii ...Sij_i(Q;iJ), 
t=l 

with the convention that Si^ = id. w = wq, then the set of roots sq ... obtained 

as t varies coincides with the set of positive roots, and one recovers ([23]). ^ 

The following statement generalizes Conjectured] 

Conjecture 2. For all u ^w, the coefficient (ffi{u]w) is a polynomial with positive coeffi¬ 
cients in the simple roots on. 

This statement is supported by explicit computations for low dimensions in type A. 
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Example 6.7. Let be the matrix whose {u,w) entry is c^{u]w). For Fl{3), listing the 
elements of S 3 in the order (123), (132), (213), (231), (312), (321), we have 


Ft = 


1 

1 + ^2 
0 
0 
0 
0 


1 

0 

1 + cti 
0 
0 
0 


2 + ai + a 2 

1 + CKl 

(1 + ai)(l + ai + a2) 
0 
0 


1 

1 + ^2 
2 + ai + 0:2 
0 

(1 + a2)(l + Qi + Q 2 ) 
0 


1 \ 
2 + ai + Q!2 
2 + ai + a 2 
(1 + ai)(l + ai + 02) 

(1 + a2)(l + ai + a2) 

(1 + ai)(l + a2)(l + cti + 0 : 2 )/ 


verifying Conjecture [2] in this case. 
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